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ABSTRACT 

 

  With the rise of enhanced GNSS services over the next 

decade (i.e. the modernized GPS, Galileo, GLONASS, 

and Compass constellations), the number of ranging 
sources (satellites) available for a positioning will 

significantly increase to more than double the current 

value. One can no longer assume that the probability of 

failure for more than one satellite within a certain 

timeframe is negligible. To ensure that satellite failures 

are detected at the receiver is of high importance for the 

integrity of the satellite navigation system. With a large 

number of satellites, it will be possible to reduce 

multipath effects by excluding satellites with a 

pseudorange bias above a certain threshold. The scope of 

this work is the development of an algorithm that is 
capable of detecting and identifying all such satellites 

with a bias higher than a given threshold.      

 

  The Multiple Hypothesis Solution Separation (MHSS) 

RAIM Algorithm (Ene, 2007; Pervan, et al., 1998) is one 

of the existing approaches to identify faulty satellites by 

calculating the Vertical Protection Level (VPL) for 

subsets of the constellation that omit one or more 

satellites. With the aid of the subset showing the best (or 

minimum) VPL, one can expect to detect satellite faults if 

both the ranging error and its influence on the position 

solution are significant enough. At the same time, there 
are geometries and range error distributions where a 

different satellite, other than the faulty one, can be 

excluded to minimize the VPL. Nevertheless, with 

multiple constellations present, one might want to 

exclude the failed satellite, even if this does not always 

result in the minimum VPL value, as long as the 

protection level stays below the Vertical Alert Limit 

(VAL).  



 

 

  The Range Consensus (RANCO) algorithm, which is 

developed in this work, calculates a position solution 

based on four satellites and compares this estimate with 

the pseudoranges of all the satellites that did not 

contribute to this solution. The residuals of this 

comparison are then used as a measure of statistical 

consensus. The satellites that have a higher estimated 

range error than a certain threshold are identified as 

outliers, as their range measurements disagree with the 
expected pseudoranges by a significant amount given the 

position estimate. All subsets of four satellites that have 

an acceptable geometric conditioning with respect to 

orthogonality will be considered. Hence, the chances are 

very high that a subset of four satellites that is consistent 

with all the other ñhealthyò satellites will be found. The 

subset with the most inliers is consequently utilized for 

identification of the outliers in the combined 

constellation.  

 

  This approach allows one to identify as many outliers as 

the number of satellites in view minus four satellites for 
the estimation, and minus at least one additional satellite, 

that confirms this estimation. As long as more than four 

plus at least one satellites in view are consistent with 

respect to the pseudoranges, one can reliably exclude the 

ones that have a bias higher than the threshold. This 

approach is similar to the Random Sample Consensus 

Algorithm (RANSAC), which is applied for computer 

vision tasks (Fischler, et al., 1981), as well as previous 

Range Comparison RAIM algorithms (Lee, 1986). 

 

  The minimum necessary bias in the pseudorange that 
allows RANCO to separate between outliers and inliers is 

smaller than six times the variance of the expected error. 

However, it can be made even smaller with a second 

variant of the algorithm proposed in this work, called 

Suggestion Range Consensus (S-RANCO). In S-

RANCO, the number of times when a satellite is not an 

inlier of a set of four different satellites is computed. This 

approach allows the identification of a possibly faulty 

satellite even when only lower ranging biases are 

introduced as an effect of the fault.  

 
 The batch of satellite subsets to be examined is 

preselected by a very fast algorithm that considers the 

alignment of the normal vectors between the receiver and 

the satellite (first 3 columns of the geometry matrix). 

Concerning the computational complexity, only 4 by 4 

matrices are being inverted as part of both algorithms. 

With the reliable detection and identification of multiple 

satellites producing very low ranging biases, the resulting 

information will also be very useful for existing RAIM 

Fault Detection and Elimination (FDE) algorithms (Ene, 

et al., 2007; Walter, et al., 1995).  

 
 

1. INTRODUCTION   

 

  In anticipation of the future GNSS constellations like 

GPS IIF/III, Galileo, GLONASS, and Compass becoming 

operational (Revnivykh, et al., 2007), a multitude of 

questions on the use of these numerous ranging sources 

will arise. Simulations show that with full Galileo and 

GPS constellations an average of 18 satellites and a 

minimum of 13 will be in view for most users. Hence, 

with the given threat models, the applicability of RAIM 

techniques for the purpose of monitoring position 

integrity will be increased. Additionally, the use of dual 

frequency receivers will eliminate almost completely the 

largest magnitude errors for unaided GPS, those caused 

by the ionospheric delay (Misra, et al., 2005; Parkinson, 

et al., 1996). Unfortunately, one cannot assume that 
GNSS services different from GPS will have the same 

satellite failure probabilities. A failure probability of 10-3 

might be proven and realized by the control segment 

much more easily than the currently accepted probability 

of 10-5. Altogether, it will no longer be possible to 

assume that the probability of failure for more than one 

satellite within a certain timeframe is negligible. 

 

  The MHSS algorithm (Ene, 2007; Pervan, et al., 1998) 

is one of the existing approaches to identify faulty 

satellites by observing their influences on the VPL. This 

RAIM algorithm separates the computation of the VPL in 
multiple hypotheses, which include the cases where 

single and multiple satellites or even whole constellations 

have failed. By determining the individual VPL values 

under each of the hypotheses, weighted by the probability 

of their occurrence, one can determine the overall VPL. 

In order to identify faulty satellites, the algorithm builds 

subsets of the current geometry by excluding one or 

multiple satellites at a time. An overall VPL is computed 

for each subset and, as the VPL should increase with a 

decreasing number of correct satellites, one can expect 

that the VPL values for the subsets are all higher than for 
the full geometry. Nevertheless, if a satellite bias 

influenced the position estimation by a considerable 

extent, the computed VPL will decrease when excluding 

this faulty satellite. Therefore, the satellite that was 

excluded in the corresponding subset, which results in the 

lowest VPL, is assumed the faulty one.  

 

  By minimizing the VPL, satellites with a high ranging 

bias which does not translate in a large position domain 

error may not be excluded, as their contribution still 

reduces the VPL, even though to a small extent. 
Nevertheless, with multiple constellations present, one 

might want to exclude the failed satellite, even if this 

does not always result in the minimum VPL value, as 

long as the protection level stays below the VAL. 

 

  Further, it is questionable if it is always reasonable to 

compute a position estimate based on all satellites in view 

rather than selecting only a subset of the ñbestò. In 

Augmented GPS scenarios like the Local Area 

Augmentation System (LAAS), it could be necessary to 

consider and correct only a subset of the current 

constellation, for reasons related to the available signal 
bandwidth or due to large propagation errors affecting a 

number of satellite signals. Hence, there is a need for a 

novel algorithm, which is not only capable of detecting 

multiple satellite failures at a time but also allows 

determining good estimates of the current ranging biases. 

This enables a system to deselect the satellites that have a 

bias higher than a given threshold. With a good estimate 

of the current ranging bias of each individual satellite, it 



 

 

might be possible to reduce multipath effects by 

excluding satellites with a pseudorange bias above a 

certain threshold.  

 

  The remainder of this paper is organized as follows: 

Section 2 discusses the main idea of the RANCO 

algorithm, which is designed to cope with the challenges 

and requirements discussed above. Section 2.1 is devoted 

to the thorough elaboration on its underlying 
methodology, while section 2.2 comprises a detailed 

presentation and comparison of the two major subset 

selection processes, which are part of the RANCO 

algorithm. The S-RANCO algorithm, a variation of 

RANCO that allows the suggestion of possibly failed 

satellites at very low biases, is introduced in section 2.3. 

Then, section 3 gives an overview on the simulation 

results of the algorithm and illustrates the differences 

with respect to the MHSS algorithm. Section 4 concludes 

the work with a brief summary and an outlook on future 

work.  

 
 

2. A NOVEL, RANGE -CONSENSUS-DRIVEN 

APPROACH 

 

The algorithm developed and investigated in this work is 

based on the elementary idea of the Random Sample 

Consensus (RANSAC) algorithm, which is well known in 

the field of graphics and image processing. The algorithm 

is capable of interpreting/smoothing data containing a 

significant percentage of gross errors (Fischler, et al., 

1981). Usually, by computing a Least Squares (LS) 
solution based on multiple measurement samples that 

correspond to a noise distribution, a single biased sample 

will influence the result at a considerable extent. 

Therefore, it is very important to detect and identify 

outliers and remove them from the final solution. Figure 

1 shows a two-dimensional abstraction of this problem. 

The blue noisy measurement points correspond to the 

green line that represents the true model behind the 

samples.  

 

One of them has a large bias and causes a very bad 
estimate (the red line) of the true model when computing 

a LS solution over all measurements.  

 

 

 
Figure 1: All in view solution 

 
Figure 2: Minimum subset solution 

   

 
Figure 3: Best subset solution 

  The RANSAC approach calculates an estimate based on 

the minimal necessary subset of sample points, in order to 

minimize the amount of corrupted measurements 

employed in the estimation. In the two-dimensional 

example, an estimate is directly computed based on only 

two samples. 

 
  As displayed in Figure 2, this may result in many bad 

estimates (e.g. the blue line), depending on the sample 

pair we select. To find the best pair, the algorithm iterates 

through all possible combinations of subsets and counts 

the number of samples that lie within a box surrounding 

the model (the box is defined by a threshold value). If the 

count of the ñinliersò is high, this indicates a high 

consensus of our current solution with the remaining 

samples. The ones that lie outside of the box are called 

ñoutliersò. With a threshold that corresponds to the 
distribution of the noise, it can be assumed, that there is a 

subset, which corresponds to all other unbiased samples 

(see Figure 3). Therefore, this approach is applicable to 

detect multiple biased samples. 

 

  Now we want to transfer this approach to the satellite 

navigation case where one makes four-dimensional 

estimates. Here, the pseudorange measurements are used 

as sample points and the minimum subset position 

estimation is based on a combination of four satellites. 

These position estimations are compared with the 
pseudoranges of all satellites. If the residuals of this 



 

 

comparison are higher than the threshold, the 

corresponding satellites are called outliers. Again, the 

algorithm iterates through all subsets that are acceptable 

with respect to their geometry matrix conditioning and 

skips the weak geometries as those lead to a higher 

position Dilution Of Precision (DOP) and worse 

estimates, which will be discussed in section 2.2. The 

best position estimate is based on the subset of four 

satellites, which leads to the highest consensus with the 
other pseudoranges and therefore has the highest inlier 

count. It also defines which satellites are believed to have 

a bias higher than acceptable. Those biased satellites are 

referred as outliers relative to this final estimate. 

 

  To simulate and evaluate this approach it is not 

necessary to use the real pseudoranges or to calculate the 

real position solution. As we are interested in the degree 

of consensus between the ranges, we rather look at the 

distributions and errors to avoid many unnecessary 

computations. The well-known position determination in 

equation (1) shows the true position vector ὼ, the 

geometry matrix Ὃ, the pseudorange vector  ώ, and the 

noise vector ὲ:  
 

ώ= Ὃὼ+ ὲ (1) 

 

  This equation also holds for a single satellite, where ώ 
and ὲ are the pseudorange and noise scalars and ὫὝ is the 
corresponding line in the geometry matrix, where the first 

three columns are the components of the normal vectors 
between the true position and the individual satellites: 

 

ώ= ὫὝὼ+ ὲ (2) 
 

  The LS estimation for the position is obtained by 

inverting the G matrix. As only subsets of four are 

considered, the linear system is not over determined and 

therefore it is not necessary to build the Moore-Penrose 

pseudoinverse:   

 

ὼ= Ὄώ= ὌὋὼ+ Ὄὲ  (3)          Ὄ= Ὃ 1 (4) 

 

  Now, the consensus between the position estimate that 

was derived by a subset of four satellites and the 
remaining satellites has to be evaluated. Therefore, 

equation (2) is remodeled and stated for the noise free 

case: 

 

ὫὝὼ ώ= 0  (5) 
 

  This is the main relation, which has to be evaluated for 

all satellites and with every reasonable subset of four. As 

already mentioned, it is not necessary to calculate the true 

position estimates but only to investigate the errors. Thus, 

equations (2) and (3) are inserted into equation (5) 

and ὌὋ= Ὅ is eliminated. 

 

ὫὝὌὲ ὲ= 0 (6) 

 
  The final equation (6) can now be used for the 

simulations of the RANCO approach, which will be 

explained in the following section. 

 

2.1 A DETAILED ILLUSTRATION OF RANCO  

 

  After the discussion of the basic ideas behind the 

RANCO algorithm, this section will take a more detailed 

look at it. According to equation (6), the normal vectors 

and consequently the geometry matrix of all satellites in 

view, and also the error vectors are necessary inputs. 

Additionally, the sigma values of the expected error 

distributions that result by modeling the effects of the 
troposphere and the ionosphere are required. Those will 

be used to define appropriate thresholds.  

 

  As described above, the algorithm is identifying biased 

ranging sources by analyzing the agreement of all 

satellites with all possible subsets of four. As the number 

of possible subsets is rather high and many of them have 

a weak geometry, which means that some of the satellites 

are close to each other in the sky, it is reasonable to 

consider only the best subsets. The process of the subset 

selection is described in section 2.2. We can assume at 

this point that the subsets are sorted with respect to the 
robustness to errors, that every satellite will be included 

in at least one subset, and that no satellite is within all 

subsets.  

  The position estimations that are based on these subsets 

are then compared with the pseudoranges of all satellites 

in view. As mentioned, this process is accomplished 

based on equation (6), in order to reduce the 

computational complexity. The deviation of the residuals 

of the comparison is a function of the measurement error 

variances „ and the geometries of the subsets. The 
variances of the residuals are given by the sum of the 

variances of the position estimations and the 

pseudoranges (equation 7). Here, W is the inverse of the 

covariance matrix. 

 

„ὶὩίὭὨόὥὰ= ὫὝ(ὋὝὡὋ) 1Ὣ+ „2    (7) 

 
  The expected deviation of a pseudorange from an 

assumed model is generally related to the individual 

measurements, and therefore, the error tolerance should 

be different for each satellite. Hence, the thresholds are 

individual and are multiples of the expected noise 

deviation. The satellites, whose residuals of the 

comparison are smaller than the corresponding threshold, 

are defined as inliers of the current subset. Here, the 

degree of discrepancy corresponds to the expected noise 

deviation. 

 

  As shown in Figure 4 the number of inliers is counted 
for each subset to find the one with the most inliers and 

thus the highest correspondence with all other satellites. 

The count of inliers, k, has to be large enough to ensure 

that a correct estimate of the true position was detected. 

To avoid the possibility that the final consensus is 

compatible with incorrect ranging sources (and assuming 

that ᾀ is the probability that any given measurement is 

within the error bounds of an incorrect position estimate), 

ᾀὯ 4 must be very small. While there is no general way 
of precisely determining z, it is reasonable to assume that 

it is less than the a priori probability that a given 

measurement is within the error bounds of the correct 
model.  



 

 

Assuming ᾀ< 0.5, a value of k-4 equal to seven will 

provide a probability of better than 99 percent that 

compatibility with an incorrect position estimate will not 

occur. 

 
  Naturally, the algorithm can be stopped as soon as a 

subset that defines all satellites as inliers has been found. 

In this case, RANCO identified no satellites to have a 

bias higher than the threshold. However, if the best subset 

does not correspond to all the satellites in view, the 

outliers of this subset are then likely to have a bias higher 

than the threshold. Then, a final position estimate is 

computed with a Weighted Least Squares (WLS) solution 

based on all inliers. As this solution is expected to be 

closer to the true position than the estimate based on four 

satellites, once more the residuals of the comparison 

between this position estimate and the pseudoranges of 
all satellites in view are determined.  

 

  Thus, a very good guess of the true ranging errors for 

the satellites is obtained. This, in turn, allows the ranking 

of the satellites with respect to their quality and the 

exclusion of satellites that have an unacceptable bias. 

  This allows detecting and removing of a specific bias 

that is common to multiple satellites, which is useful for 

reducing multipath effects (Phelts, et al., 2000). It is 

equivalent to removing the information of one satellite 

from the final solution; nevertheless, this is easily 
affordable given a high number of satellites in view. 

Further, with the knowledge about the position of the 

satellites, it is possible to detect geometric correlations 

with respect to the ranging errors, which can be used to 

detect ionospheric fronts (Konno, 2007). 

 

 

2.2 THE SUBSET SELECTION 

 

  The selection of the useful subsets out of 
Ὧ
ὲ

 possible 

subsets is of central importance for the performance of 

the algorithm. Only subsets that have strong satellite 

geometry, as they are less sensitive to errors, shall be 

considered and those where satellite lines of sight are far 

from orthogonal will generally be skipped. A good 

measurement is the condition number of the geometry 

matrix.  

 
 

     
 

Figure 5: Subset selection algorithm #1 

Figure 4: Data flow diagram for the RANCO algorithm 


